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INFORMATION FOR CANDIDATES

Write your name and student number clearly on the front of the examination booklet.

You have 10 minutes to read this paper. You must not begin writing during this time.

Answer Question Five (Q5). Which is a compulsory question. Also choose and

answer any other 3 questions. A total of four (4) questions must be answered

including Q5. Show ALL working out.

All answers must be written in examination booklets only. No other written material

will be accepted.

Start the answer for each question on a new page. Do not use red ink.

Notes and textbooks are not allowed in the examination room. All mobile phones and

electronic/recording devices must be switched off during the examination.

Scientific calculators are allowed in the examination room.

A three-page formula sheet is attached.

MARKING SCHEME

Marks are indicated at the beginning of each question. All questions carry equal marks
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Question I
a) Given,

t.6 kN

,t-

MATRICES

mllt

200 mnr
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1.

0.5

0

-0.2
0

-0.5r
0.31

- 1.sl

(25 marks)

(10 marks)

(5 marks)

10 marks)

i) Calculate the inverse from

detA (the adjoint).

ii) Check by using AA-1 = I (Show all steps).

b) Find the eigenvalues and eigenvectors of the following matrix.

A-1 = filniul' where Ayx is the minor of aiyin a

t_
10
72

-41
1Bl

Question 2 VECTORS (25 marks)

a) ln the context of a right-handed Cartesian coordinate system, given vectors

a = [1,2,0] and b : 12,3,4]. Find the following expressions.

i) a x b, (3 marks)

ii) a.b (3 marksl

b)

Calculate the unit vectors, of theI

I

a) force R and

b) couple M,

(9 marks)

(10 marks)

iiN

exerted by the nut and bolt on the

loaded bracket at O, to maintain

equilibrium.

.I
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Question 3 BASIC LINEAR HOMOGENEOUS ts OROER ODE (25 marks)

a) Differential equations U' = f (ax + by + k) can be made separable by using as a

new unknown function u(x) = ax * by * k' Using this method,

solve y' - (x + y - 2)2 (12 marks)

b) The population of a town grows at a rate proportional to the population present at

time t. The initial population of 500 increases by L5% in 10 years.

i) What will be the population in 30 years? (10 marks)

ii) How fast is the population growing at t = 30 years? (3 marks)

Question 4 lsr AND 2ND oRDER oDE (25 marks)

a) The follow homogeneous equations can be classed as exact differential equations.

(coty + xz)dx = xcscz YdY.
As such,

i) demonstrate exactness, (4 marks)

ii) find the implicit solution u by appropriate integration and find the constant

function, (5 marks)

iii) check your answer by implicit differentiation. (4 marks)

b) Find the transient motion (full solution) of the mass-spring system governed by the

given equation. Show the details of your work.

Y" + 3Y : 1l- cos o'St
(12 marks)

Question 5 THE LAPLACE TRANSFORM

a) A piecewise continuous function is given as follows:

(25 marks)

fU):
2 if O<t<tr
0 if tt<t<Ztt

sint if t>2x
i) Sketch /(t),
ii) Write f (t) in terms of the Heaviside or unit step functionu(t - a),

iii) Find the Laplace transform of the function.

(3 marks)

(5 marks)

(5 marks)

b) tn the following system of differential equations, solve the given initial value problem by

means of Laplace transforms.

yl+yz=2cost, yt*yL=0, yr(O):0, y2(0):1 (12marks)
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Derivatives and lntegrals

t 9(*"t -nx" 7

dx'

d.. 1
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d.
dx 

(cosx) : - Srnx

d..
dx 

(smxl : cosx

a rtor, *r : secsx
clx '

d_
dx 

(coshx) : srnnx

a rrirrtr*t cosh-Y
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More derivatives

-$ l,on , I * .rc: .t '-f 1r*., ,I = s.:L 'r t*n .r

..i1.' 1.ur .. I : - r:scr ., 
ff- 

l.,rt .r'I : * rse .r cot .r
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l1* - lnx+ c

I

I l'dr -

sin;dx: cosx I C

cosx clr : sinr + (j

sec2xtLx: tartx * C

sinhx dx : coshx 1' C

crrshxdx:sinhr+L'

1:
t/l xz

-1
t/i, - x2

rjx: sin t x+C

d-:r:cos-rx*C

1

rl'P
1

dt - tan-1 .r + C

{ dx:d +C

,L\

k
Ll

u'dsr:L+Clr]a

!rP17
1

11tvz - I

f

f
t secn x dx =

11

L2

13

J

I

I

I

I

I

I

I

I

I
dx-sinh rx+C

dx=cosh lx+C
t

J

1 ,_1;--= dx _ tanh ^ x l- LI-x',

Specific integrals
f
I tan x dx : lnlsec xl + C

J

secxdx: lnlsecx + tanxl + C

rRI(n)NO\ltilR{l sulls llTt: ll0)is

lal -.rr .r = a sin 0 -ril2 s (l < 1il2 ,,1 -.r'l * al - nl sinl (, * al cosl (i

r,ili.il .r=ctrno -nl7<o<,t11 ul *.rl = ul +r,lt,t,tl{.i =,tlsccld

Reduction formula
1, n-Lr

sinn x dx - _' 51nn-r x cos x * ; J 
sinn-z x dx

.rl - rrj = al secl F) - irl * ul tanl {)

1, n-L
cos'.x dx : - cosn-i x sin x + 

-
nn

tann-L x
tann x dx = --------- -n-l

n1sec" ' xl-anx

I
t I cosn-z x dx

I tann-2 x dx

{rA -r=ttseco
0(0<;r/2 {ifr)rt)
1rl2<0!fi (if.r(-o)

l'r

1

The guide to completing the square is xz + u* =l** H'l - e)'

n-1,
- -') r
tL L | 6 1+- I sec" 'xdx
n-IJ

l{mlliisroN tN

til[ rN'l'l]GllrNb sl"i]sllft-'fl0N Rlisfial(|rx)N oN 0 slstfl.lfl(rl l0x
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,t clcl]

l\-t'li$R.\l lSi(; p!{i)i)t_r( lt ()l:ll)rl0tj\ lS .\Nl) 5t.:(''1)ilS

. Sl:lir <itla lactor ol sccl.r.

. Apply iltc rclcvatt identilY.

. \tllkc thc suhstitr.ilkln t.i = 1atll -f-

secl .r = tatnl -r * I

nr txki

. Split ol'l a itclor- rrt scc.r tan.r'

' Appll the re lclant ldcnlitrr''
. i\,lakc the suhstittrtitrn rf = scc,1.

itnl-r * sccl.r* l

,ii cljeil

n odel{

. llsc the rclcr'*nt idr'ntitir's lt rcducc
tha intcgr:rnd to p{)!\'crs ttf scc.t llonc.

. Thel usc lhc rcdLtction lirrntttlii iirr
yrowers ol' scc ,t.

ran l.r = secl .r - l

Tri gonometrical identlties
(a) sin2rl I cosz0: 1; secz6: I +tan29; cos"cz0 :1+cotz 0

O) sin(,A iB) : sin.A cosB + cos^ stn B

sirt(/ - 8) : sinA cosB - ci.rs,4 sinB

cos(d +B) = cosAcos$ - sinA siuB

cos(z{ - B) : cosA cos-B * sinA sin-B

tan.A + tanB
tan(i{ I B): l_tan,ttan8

tanA - tanBtarl(A-6)=r+tanAtanr
(C) },et,4 :B : H .'. slnzo:Zsinficosfl

coszl :cos29- sin2d= l zsinz A = zcosz 0'" I

tanz| - ,z'un2 ,,| - tan'0

cosh .r i sinh -t : c'

cosh,r * sinh .r = a-*

cosh2.r * silrhl.r = I

I * tallt: .t : sech: -r

coth:.r'- I : cschl .r

cosh( --r) - cosil.r

sinh(-.r) : * sinh.t

Hyperbolic identities

sinh(-r * l) : sinh .r cosh l -i- cosh r sinh r'

c.osh(-r -l- !) : cosh ,r cosh ) -l- sinh.r sinh r'

sinh(.r - r) = sinh.r cosh t' - ctlsh -r sinh r'

cosh(-r - -l ) : cosh -r cosh -1 - sinh -r sinh -t

sinh 2-r : 2 sinh.r cosh.t

cosh 1r = cosh: -r + sinhl -r

cosh2,r -2sirh:.u* l:2coshl-r - I

o Kirchhoff's current law: The algebraic sum of all currents entering and exiting a node must equal zero.

o Kirchhoffs voltage law: the voltage around a loop equals the sum of every voltage drop in the same loop

for any ctosed network and equals zero. Ohm's law is: V = IR'
. t.t= j.j=k.k= 1 & i.i= j'i:i'k=k'i= j'k=k'i:0
. ix j:k,jxk=i,kxt=i & ixt:-k,kxi=-i,ixk=-i &

. rnvectoratsebra: i:ri:r:iixi=kxk=o
AB

Steps for solving the exact differential equation u(x,y) = ffa* *#Ot
1. Testforexactness: # =#
Z. Findimplicitsolutionu= IMdx*k(y)oru= INdy+l(x).Thenfindk'(y)orl'(x)withrespecttoits

independent variable alone, and equate lo M or N. Then integrate to find value of k or l.

3. Check by implicit differentiation to see if you get the original differential equation u = Mdx + N dy.

For a non-exact 1s order ODE Pdx + Qdy: 0, multiply throughout by integrating factor F to get exact ODE,

FPdx*FQdY:Q
F can be catcutated $ s!n@)a* where R = * (X-#)
For the 1't order non-homogeneous equation, y' * py = r,
y is given as e-hl[ ehrdx * c] where 7 = [ pdx

For the 1't order non-linear Bernoulli equation y' + py = gyo set u : y1-4 differentiate this and substitute for y'

and v1-a to set as linear nonhomoseneous eouation.

./ tu:"'.r sci:'rx d-t tR{x'a$1.:itil ItLr.ti!AN-r rDtil$rnlts



Stroud's guide for solving linear 2nd order ode:

I solurron of equations of rhc form ,#i - tir:-?. cy * f(.x )

{1) Auxiliary equation: am? }-bm I r * 0
(2) Types of solutions:
(a) Real and different roots rlr : ,irr and rx * mz

,Jr - Ae""* -F Bd'r'r
(b) Real and equal roots ril: fllt {twicc)

,tr * e,r,x (A -t- gx)

(c) Complex roots rn J & *ili
.v * e^"iA cos $x i fi siil $x)

2 liquations of the form f,-\ , ,'f - o

.I :,'i cosnx i Ssin tat

3 hquations of the form # - ,', -- U

)r * A cosh nx $ /J sinh ,rx

{ General solution

,y : complemenlary function + particuiar integral

Kreyszig's guide to solving y,
{r$i* }. { Method of Undetermined Coefficients

Term in r("r) Choice lor .r'r>{.r)

lcltt'

*,r 'i 1rr * 0. l. '

ii cos rrr.r

Ji rin ar.r

I'c"tt ctls t.r.t

*c"f, rin c,-r

CeY'

K*xo + fr*-rJ*-l + "' + rt1-r + l(6

i
)

K ctts rr.r-r i' ,Sl sin rrr-r.'

c""'(K cos ro.r 'i' M sin rrr-t)

Stroud's guide to solving yp

If f(x)-k...
f(x)-kx"'
I'lt)=&xz' '

f{x} - ksin;r or kcosr
f(x) - ksinhx or kcoshx
lt,.\ 

- 
.ki/ \^/ - "

Assumc y: (:

I:Cxrl)
)' : ('ra + I)x '' I
y - (. cosx - I)sin;r

)'= ()cosh.t -l- r)sinhx

)'- Cd'

Brief but required table of Laplace transforms:
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s

I

n*

It*
(;x*$, 1,...)
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{ii p{}silir*)
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I
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?

s

t()

II

ta

{{)s {ai

sln aJt

ttsh oI

siril rrr

{". l:os t,rl

("'' \lll {rrl

,t

22,{ -r {r}

$ Y&)

s:

{J

,2-o!

$;!
{.! *.l}-'{ &}-

&)

. ,2 2I.f-.,1 '(0

rhe Second Shiftins rheorem: L(U(t - a)g(t)) - e-'o L (g(t + a))

Generally any Laplace transform of a derivative can be written as:

-Sf{yt")1 * $"-rfLf) -$.*I/(0) -s"-2F(t}) -... -fi,,-I}(0)

J'itl

s

I

I
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